Following the operator definition of the fragmentation function developed by Collins and Soper, we compute the gluon-to-h c fragmentation function at the lowest order in the velocity expansion in NRQCD factorization approach. Utilizing some modern technique developed in the area of multiloop calculation, we are able to analytically deduce the infrared-finite color-singlet short-distance coefficient associated with the fragmentation function. The fragmentation probability for gluon into h c is estimated to be order 10 −6 .
Like parton distribution functions (PDFs), fragmentation functions (FFs) constitute one of the fundamental probes to uncover the nonperturbative partonic structure related to a hadron. According to the QCD factorization theorem [1] , in a high-energy collision experiment with two colliding beams composed of hadrons of type A and B, the inclusive production rate of the identified hadron H at very large transverse momentum, is dominated by the fragmentation mechanism: (1) where dσ denotes the partonic cross section, the fragmentation function D i→H (z) characterizes the probability for the parton i to materialize into a complicated multi-hadron state that contains the hadron H carrying the fractional light-cone momentum z with respect to the parent parton. The sum in (1) is extended over all parton specifies (i = q,q, g). Similar to the PDFs, the FFs are nonperturbative, but, universal objects, whose scale dependence is governed by the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) equation. Specifically speaking, the scale dependence of the gluon fragmentation function is controlled by
where P ig (ξ) designate the splitting kernel, and µ is also frequently referred to as the QCD factorization scale, since it also enters in the partonic cross section in (1) . Once this FF can be deduced at some initial scale µ 0 by some means, one can then determine its form at any other scale µ by solving the evolution equation (2) . In contrast to the fragmentation functions for light hadrons, the functions for a parton to fragmentate into a heavy quarkonium, a nonrelativistic bound state composed of a heavy quark and heavy antiquark, need not be viewed as genuinely nonperturbative objects. In fact, owing to the weak QCD coupling at the length scale ∼ 1/m (m represents the heavy quark mass) as well as the nonrelativistic nature of quarkonium, the nonrelativistic QCD (NRQCD) factorization [2] can be invoked to refactorize the quarkonium FFs as the sum of products of short-distance coefficients (SDCs) and long-distance yet universal NRQCD matrix elements [3, 4] . To some extent, the profiles of quarkonium FFs are largely determined by perturbative QCD, which renders the NRQCD approach a particularly predictive theoretical framework. Recently, armed with various fragmentation functions computed in NRQCD approach, a phenomenological analysis based on (1) is conducted to confront with copious large-P ⊥ J/ψ, χ cJ and ψ ′ data accumulated at LHC experiments [5, 6] . Since the original computation of the quark and gluon fragmentation into S-wave quarkonium using NRQCD approach by Braaten and collaborators [3, 4] , numerous fragmentation functions for quark/gluon into various quarkonium states, have been calculated in NRQCD approach during the past two decades [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . For a recent compilation of the SDCs associated with various FFs, we refer the interested readers to Ref. [25] .
The goal of this work is to compute the FF of gluon into the spin-singlet P -wave quarkonium, exemplified by the h c,b states. To date, these P -wave quarkonium states have only been observed in the e + e − collision experiments via hadronic transitions from higher vector quarkonium states [26, 27] . It is conceivable that they will be established at LHC experiments in the future, owing to enormous partonic luminosity there. For this purpose, it is desirable if one can make accurate predictions for the fragmentation functions for the h c,b states.
Due to the odd C parity of h c , the gluon fragmentation remnants must involve two additional gluons in the color-singlet channel, considerably more complicated than gluon-to-χ cJ FF considered in [9, 11] , which only involves one additional gluon in the fragmentation products. Although the Feynman diagrams are topologically identical to those for gluon-to-J/ψ FF [13] , the actual calculation is much more challenging, due to the occurrence of the IR divergence in the former case, whereas the latter is free from IR singularity, at least up to the relative order v 2 [17] . The gluon-to-h c fragmentation function was originally calculated by Hao, Zuo and Qiao in 2009 [28] . Unfortunately, the authors of [28] seem not to employ a gauge-invariant regulator to regularize the encountered IR singularity in the course of their calculation. Also, their final results are expressed in terms of a two-fold integral with rather complicated integrand.
Very recently, there appears a notable technical progress in evaluating fragmentation functions, which borrows some clever trick from higher-order calculation involving multibody phase space integration [24] . The authors of [24] are able to compute the gluonto-J/ψ FF in a closed form, which was unimaginable from the angle of the conventional method [13, 17, 19] .
Stimulated by the advance made in [24] , we feel that it is the time to revisit the gluon-toh c fragmentation function. We will start from the gauge-invariant operator definition for this FF [29] , and employ dimensional regularization (DR) as the gauge-invariant IR regulator. Ultimately, we will also be able to achieve the analytical expression for this FF.
We choose to evaluate this gluon fragmentation function in a frame such that the h c has vanishing transverse momentum. It is customary to adopt the light-cone coordinates in calculating FF. Any four-vector
. The scalar product of two four-vectors A and B thus becomes
Specifically speaking, the four-momentum of the h c meson can be written as A gauge-invariant operator definition for the fragmentation functions was formulated by Collins and Soper in 1981 [29] . This definition was first utilized by Ma to compute the quarkonium FFs in NRQCD [8] . For the intended g-to-h c fragmentation function, the operator definition is given by [29] (also see [17, 19] :
where z denotes the fraction of the +-momentum carried by h c with respect to the gluon, D = 4 − 2ε signifies the space-time dimensions, N c = 3 is the number of colors. G µν is the matrix-valued gluon field-strength tensor in the adjoint representation of SU(N c ), k + = P + /z is the +-component momentum of injected by the gluon field strength operator. µ is the renormalization scale for this composite operator. The insertion of the intermediate states implies that in the asymptotic future, one only needs project out those out-states that contain a h c meson carrying definite momentum P µ and polarization λ, plus any unobserved hadrons, which are collectively denoted by the symbol X. Note the summation on X also implicitly indicates that the three polarizations of h c are summed over.
The gauge link (eikonal factor) Φ(0, x − , 0 ⊥ ) in (3) is a path-ordered exponential of the gluon field, whose role is to ensure the gauge invariance of the FF:
where P implies the path-ordering, g s is the QCD coupling constant, and A µ designates the matrix-valued gluon field in the adjoint representation. n µ = (0, 1, 0 ⊥ ) is a reference null 4-vector. Actually, due to the C-odd property of the h c state, to our concerned perturbative order, we do not need consider the complication for gluons to attach to the eikonal line.
According to the NRQCD factorization, the gluon fragmentation function for h c can be expressed as [28] ,
where both color-singlet and color-octet channels contribute at lowest order in v. The corresponding h c production operators in NRQCD are defined as [2]
The µ Λ in (5) refers to the NRQCD factorization scale 2 , which lies in the range mv ≤ µ Λ ≤ m. These two production operators are linked by the following renormalization group equation in NRQCD [2] :
where C F = (N 2 c − 1)/2N c . We will proceed to compute the two SDCs using the standard perturbative matching technique, by replace the physical h c state by the free cc( 1 P
1 ) and cc( 1 S
0 ) states, respectively, in (5) . The representative Feynman diagrams are shown in Fig. 1 . Since (3) is manifestly gauge invariant, for simplicity we adopt the Feynman gauge. Dimensonal regularization will be used to regularize both UV and IR divergences. It is convenient to employ the well-known covariant projector technique to expedite the calculation [32] . Since one does not bother to consider the situation where gluons attach to the eikonal line, it becomes rather straightforward to generate the squared quark-level amplitude. We employ the package QGraf [33] to generate the corresponding Feynman diagrams and amplitudes, then use the packages FeynCalc/FormLink [34, 35] to conduct the Dirac/color trace calculation.
1 It was pointed out by Nayak, Qiu and Sterman [30, 31] in 2005 that the original definition of the NRQCD color-octet production operator is not gauge invariant, and the correct definition necessitates the inclusion of eikonal lines that run from the quark/antiquark field to infinity. To the perturbative order we are concerned, this nuisance can be safely neglected so we stick to the conventional definition. 2 The scale µ Λ here should not be confused with the QCD factorization scale scale µ introduced in (3), which enters the DGLAP equation. The final state phase space implicit in (3) assumes the specific form [17, 19] :
where k i stands for the momentum of the i-th gluon in the final state, and S n is the statistical factor for n identical gluons. For our purpose, suffices it to know S 1 = 1 and S n = 2. The ingenuity of [24] is to replace each δ-function in (8) with the generalized cut propagator [36, 37] , by invoking the following identity:
One can then apply the integration-by-part (IBP) method to the phase-space integration just as in loop integration [36] , since the differentiation operation involved in IBP identities is insensitive to the iε. Therefore, one can also utilize the packages Apart [38] and FIRE [39] to conduct partial fraction and the corresponding IBP reduction, and finally end up with a set of Master Integrals (MIs), which are much easier to manipulate than the original integrand 3 . Finally, we end up with nine MIs in the color-singlet channels and two MIs in the color-octet channels. The former class of MIs can be parameterized as
where the propagators E i (i = 1, · · · , 4) are
respectively. p = P/2 is the half of the h c momentum. 
Most of them can be readily worked out by the standard method, that is, rewriting the propagators in (11) in terms of light-cone variables, conducting two-loop integration in D−2-dimensional transverse momentum k 1,2⊥ , then followed by a one-dimensional parametric integration. The last MI, which involves three propagators, is however somewhat challenging. Fortunately, with the aid of the differential equation technique, its analytic expression has already been unravelled in [24] . The two MIs in the color-octet channel are rather rudimentary,
NRQCD provides a systematic framework to enable one to factor the IR divergence encountered in the color-singlet channel into the color-octet production matrix element O hc 8 ( 1 S 0 ) , as originally demonstrated in B meson decay to P -wave charmonium [41] . After some straightforward but tedious manipulation, and following the recipe given in Refs. [42, 43] to eliminate the IR singularity under the MS factorization scheme, we finally obtain the following SDCs: 
For concreteness, we take the following input parameters: Substituting these values into (18), we then find the total fragmentation probability is about (4.50 × 10 −6 ). The profile of the gluon fragmentation function is displayed in Fig. 2 . Inspired by the recent technical advance in computating the quarkonium fragmentation function [24] , in this work, we revisit the gluon-to-h c fragmentation function, and, for the first time achieve the analytical, gauge-invariant expression for this FF. Our study might shed some light on the future establishing of the h c and h b states at the LHC experiment.
